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1. Introduction
Positive definite and completely monotonic functions play an important role in har-
monic analysis, for examples, in theory of scattered data interpolation, probability
theory, potential theory. The most important facts about positive definite functions
are the connection between positive definite and completely monotonic functions.
In classical analysis a complex valued continuous function f is said positive definite
(resp. strictly positive definite) on R, if for every distinct real numbers x1, x2, ..., xn
and every complex numbers z1, z2, ..., zn not all zero, the inequality
n∑
j=1
n∑
k=1
zjzkf(xj − xk) ≥ 0 (resp. > 0)
hold true.(see [10]).
In 1930, the class of positive definite functions is fully characterized by Bochner’s
theorem [1], the function f being positive definite if and only if it is the Fourier
transform of a positive finite Borel measure µ on the real line R :
f(x) =
∫
R
e−itxdµ(t).
In [7], we have introduced the notion of Dunkl positive definite and strictly Dunkl
positive definite functions on Rd. We have established the analogue of Bochner’s
theorem in Dunkl setting.
A continuous function f on (a, b) is called completely monotonic on (a, b), if it satisfies
f ∈ C∞(]a, b[) and
(−1)nf (n)(x) ≥ 0,
1
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for all n = 0, 1, 2, ... and a < x < b (see [21]).
Bernstein’s Theorem [21, p. 161], states that a function f : [0,∞[−→ R is completely
monotonic on [0,∞[, if and only if
f(x) =
∫ ∞
0
e−txdµ(t)
where µ is a nonnegative finite Borel measure on [0,∞[.
In 1938, Schoenberg’s theorem [14], asserts that a function ϕ is completely mono-
tonic on [0,∞[ if and only if Φ := ϕ(‖ . ‖2) is positive definite on every Rd.
In this work, we introduce the notion of Dunkl completely monotonic functions on
(−σ, σ) , σ > 0. We establish the analogue of Schoenberg’s theorem in Dunkl setting.
As application we study the Dunkl complete monotonicity of the Kummer confluent
hypergeometric functions.
Our paper is organized as follows: In section 2, we present some preliminaries results
and notations that will be useful in the sequal. In section 3, we give some properties
of the Dunkl kernel, the Dunkl transform and the Dunkl translation. In section 4, we
recall some results about Dunkl positive definite functions proved by the authors in
[7]. In section 5, we introduce the notion of Dunkl completely monotonic functions
in studying their properties, some examples are given. We state a restrictive ver-
sion of Schoenberg’s theorem in Dunkl setting. As application, we study the Dunkl
completely monotonicity of a class of functions related to the Kummer confluent
hypergeometric functions .
Let us recall some classical functional spaces :
• C(Rd) the set of continuous functions on Rd, C0(Rd) its subspace of continuous
functions on Rd vanishing at infinity and C∞(Rd) its subspace of infinitely
differentiable functions.
• S(Rd) the Schwartz space.
• Lp (Rd, h2κ) , 1 ≤ p <∞, the space of measurable functions on Rd such that
‖ f ‖κ,p=
(∫
Rd
|f(x)|ph2κ(x)dx
) 1
p
<∞.
• Let σ > 0,Mσ(R) denotes the space of nonnegative finite Borel measures on
R satisfying ∫ ∞
0
eσ|x|dµ(x) <∞,
and
M+∞ (R) = ∩σ>0Mσ (R) .
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2. Notations and preliminaries
Let R be a fixed root system in Rd, G the associated finite reflexion group, and
R+ a fixed positive subsystem of R, normalized so that < α, α >= 2 for all α ∈ R+,
where < x, y > denotes the usual Euclidean inner product.
For a non zero α ∈ Rd, let use define the reflexion σα by
σαx = x− 2< x, α >
< α, α >
α, x ∈ Rd.
Let k be a nonnegative multiplicity function α 7−→ kα defined on R+ with the
property that kα = kβ where σα is conjugate to σβ in G. The weight function hk is
defined by
(1) hk(x) =
∏
α∈R+
| < x, α > |kα, x ∈ Rd.
This is a nonnegative homogeneous function of degre γk =
∑
α∈R+
kα, which is invariant
under the reflexion group G.
Let Ti denote Dunkl’s differential-difference operator defined in [4] by
(2) Tif(x) = ∂if(x) +
∑
α∈R+
κα
f(x)− f(σαx)
< α, x >
< α, ei >, 1 ≤ i ≤ d,
where ∂i is the ordinary partial derivative with respect to xi, and e1, e2, ..., ed are the
standard unit vectors of Rd.
The rank-one cas: in cas d = 1, the only choise of R is R = {±√2}. The correspond-
ing reflexion group is G = {id, σ} action on R by σ(x) = −x. The Dunkl operator
T := Tk associated with the multiplicity parameter k ∈ C is given by
Tkf(x) = f
′
(x) + k
f(x)− f(−x)
x
.
Let Pdn denote the space of homogeneous polynomials of degree n in d−variables.
The operators Ti, 1 ≤ i ≤ d map Pdn to Pdn−1.
The intertwining operator Vκ is linear operator and determined uniquely as
(3) VκPdn ⊂ Pdn, Vκ1 = 1, TiVκ = Vκ∂i, 1 ≤ i ≤ d.
According to Ro¨sler [13], Vk is a positive operator. De Jeu [2], prouve that Vk is
an isomorphism of C∞(Rd) whose inverse is denoted by Wk and admit the following
integral representation,
Theorem 1. For f ∈ C(Rd), we have
Vkf(x) =
∫
Rd
f(y)dµx(y), x ∈ Rd,
where µx is a probability measure on R
d which the carrier is in the closed ball
B(0, ‖ x ‖).
4 J. EL KAMEL, K. MEHREZ
The Dunkl kernel associated with G and k is defined by [4]: for y ∈ Cn
Ek(x, y) = Vk (e
<.,y>) (x), x ∈ Rd.
Ek(x, iy) = Vk
(
e<.,iy>
)
(x), x, y ∈ Rd.
plays the role of ei<x,y> in the ordinary Fourier analysis.
In the rank-one case: for the group G = Z2, Re(k) > 0 we have
Vkf(x) =
Γ(k + 1
2
)
Γ(1
2
)Γ(k)
∫ 1
−1
f(xt)(1− t)k−1(1 + t)kdt.
In particular, for x, y ∈ C, Re(k) > 0
Ek(x, y) =
Γ(k + 1
2
)
Γ(1
2
)Γ(k)
∫ 1
−1
ext(1− t)k−1(1 + t)kdt.
(4) Ek(x, y) = jk− 1
2
(ixy) +
xy
(2k + 1)
jk+ 1
2
(ixy)
where for α ≥ −1
2
, jα is the normalized Bessel function.
Proposition 1. (see [11]). Let k ≥ 0 and y ∈ Cd. Then the function f = Eκ(., y)
is the unique solution of the system
(5) Tif =< ei, y > f, for all 1 ≤ i ≤ d,
which is real-analytic on Rd and satisfies f(0) = 1.
Proposition 2. (see [6,11]). For x, y ∈ Cd, λ ∈ C
(1) Eκ (x, y) = Eκ (y, x) ,
(2) Eκ (λx, y) = Eκ (x, λy)
(3) Eκ (x, y) = Eκ (x, y)
(4) |Eκ(−ix, y)| ≤ 1.
(5) | Eκ (x, y) |≤ e‖x‖.‖y‖,
3. Harmonic analysis related to the Dunkl operator
In this section, we present some properties of the Dunkl transform, the Dunkl trans-
lation and the Dunkl convolution studied and developed in great detail in [2,6,16,18].
The Dunkl transform is defined for f ∈ L1 (Rd, h2κ) by :
(6) Dκf(x) = cκ
∫
Rd
f(y)Eκ (−ix, y)h2κ(y)dy, x ∈ Rd.
If κ = 0, then Vκ = id and the Dunkl transform coincides with the usual Fourier
transform. If d = 1 and G = Z2, then the Dunkl transform is related closely to the
Hankel transform on the real line.
Theorem 2. (see [16]).
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(1) For f ∈ L1 (Rd, h2k) , we have Dκf ∈ C0 (Rd) , and
‖ Dκf ‖C0≤‖ f ‖κ,1 .
(2) When both f and Dκf are ∈ L1
(
R
d, h2k
)
, we have the inversion formula
f(x) = cκ
∫
Rd
Dκf(y)Eκ(ix, y)h
2
κ(y)dy.
(3) The Dunkl transform Dκ is an isomorphism of the Schwartz class S(Rd) onto
itself, and D2κf(x) = f(−x).
(4) The Dunkl transformDκ on S(Rd) extends uniquely to an isometry of L2
(
R
d, h2k
)
.
(5) If f, g ∈ L2 (Rd, h2k) then∫
Rd
Dκf(y)g(y)h
2
κ(y)dy =
∫
Rd
f(y)Dκg(y)h
2
κ(y)dy.
Let y ∈ Rd be given. The Dunkl translation operator f 7−→ τyf is defined in
L2
(
Rd, h2k
)
by the equation
(7) Dκ(τyf)(x) = Eκ(iy, x)Dκf(x), x ∈ Rd.
The above definition gives τyf as an L
2 function.
Let
(8) Aκ(R
d) =
{
f ∈ L1(Rd, h2κ) : Dκf ∈ L1(Rd, h2κ)
}
.
Note that Aκ(R
d) is contained in the intersection of L1(Rd, h2κ) and L
∞ and hence is
a subspace of L2(Rd, h2κ). For f ∈ Aκ(Rd) we have
(9) τyf(x) =
∫
Rd
Eκ(ix, y)Eκ(−iy, ξ)Dκf(ξ)h2κ(ξ)dξ.
Before stating some properties of the generalized translation operator let us mention
that there is an abstract formula for τy given in terms of intertwining operator Vk
and its inverse. It takes the form [18]. For f ∈ C∞(Rd) we have
(10) τyf(x) = V
(x)
k ⊗ V (y)k (Wkf(x− y)) .
Theorem 3. (see[17]). If ϕ ∈ Ak(R), then
Wkϕ(x) =
1
ck
∫
Rd
ei<x,y>Dkϕ(y)h
2
k(y)dy.
4. strictly Dunkl positive definite functions
Definition 1. A function ϕ of L2
(
Rd, h2k
)
is called Dunkl positive definite (resp.
stictly Dunkl positive definte) if for every finite distinct real numbers x1, ..., xn, and
every complex numbers α1 , ..., αn, not all zero, the inequality
n∑
j=1
n∑
k=1
αjαkτxj (ϕ) (xk) ≥ 0, (resp. > 0)
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holds true. Where τx denotes the Dunkl translation.
Theorem 4. (see [7]). Let ϕ ∈ Aκ(Rd), nonidentically zero and Dunkl positive
definite function. Then ϕ is strictly Dunkl positive definite.
Theorem 5. (see [7]). Let ϕ ∈ Aκ(Rd). Then, ϕ is Dunkl positive definite, if and
only if, there exist a nonnegative function ψ ∈ Aκ(Rd) such that
(11) ϕ = Dκψ.
Definition 2. A function Φ : Rd −→ R is said to be radial if there exists a function
ϕ : [0,∞[−→ R such that Φ(x) = ϕ (‖ x ‖) for all x ∈ Rd.
5. Dunkl completely monotonic functions
Definition 3. A function ϕ is called Dunkl completely monotonic on (−σ, σ), σ > 0
if ϕ ∈ C ((−σ, σ)) has derivatives for all orders on ]− σ, σ[ and
(12) (−1)nT nk ϕ(x) ≥ 0
for all n ∈ N and x ∈]− σ, σ[.
For k = 0, Tkf = f
′, we retreive the classical definition.
Remark 1. It’s clear that if ϕ and ψ are Dunkl completely monotonic, then αϕ+βψ
is also, where α and β are a nonnegative constants.
Example 1. For y ≥ 0, the function x 7−→ Ek(−x, y) is Dunkl completely monotonic
on R. Indeed, for x, y ∈ R we have :
Ek(x, y) ≥ 0
and
TkEk(−x, y) = −yEk(−x, y).
Thus
(−1)nT nk Ek(−x, y) = ynEk(−x, y) ≥ 0; y ≥ 0.
Proposition 3. Let 0 < σ ≤ +∞ and µ a measure on Mσ(R), then
ϕ(x) =
∫ +∞
0
Ek(−x, y)dµ(y)
is Dunkl completely monotonic on [−σ, σ].
Proof. By example 1 and since µ ∈Mσ(R), we get
(−1)nT nk ϕ(x) =
∫ ∞
0
ynEk(−x, y)dµ(y) ≥ 0
for all n ∈ N and x ∈]−σ, σ[. Moreover, ϕ is continuous on [−σ, σ], we conclude. 
Proposition 4. Let ϕ ∈ C∞ ((a, b)) and ϕ is completely monotonic function on
(a, b), then Vkϕ is Dunkl completely monotonic on (a, b).
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Proof. Since ϕ is completely monotonic on (a, b), then
(−1)nϕ(n)(x) ≥ 0, a < x < b.
As Vk is a positive operator and satisfies
Tk (Vkϕ) = Vk
(
ϕ
′
)
We get
(−1)nT nk Vkϕ(x) = Vk
(
(−1)nϕ(n)(x)) ≥ 0, a < x < b.

Proposition 5. Let ϕ ∈ C1 ((a, b)) . If ϕ is Dunkl completely monotonic on (a, b),
then −Tkϕ is also Dunkl completely monotonic on (a, b).
Proof. Follows immediately by the definition 3. 
Theorem 6. Let ϕ ∈ Ak(R) and µ is a measure on M∞(R) such that :
(13) ϕ(x) =
∫ ∞
0
Ek(−x, y)dµ(y),
then, the function ϕ(x2) is Dunkl positive definite on R if and only if ϕ(x) is Dunkl
completely monotonic.
Proof. For t > 0, the function x 7−→ ft(x) = e−t2x2 is positive definite on R.
Bochner’s theorem implies that
ft(x) =
∫
R
e−itxydµ(y)
where µ is a finite nonnegative Borel measure on R.
Then we have
Vk (ft) (x) = Ek(−t2, x2) =
∫
R
(∫
R
e−i<zt,y>dµ(y)
)
dµx(z)
Since the measures µ and µx are bounded, we have
φt(x) = Ek(−t2, x2) =
∫
R
Ek(−itx, y)dµ(y).
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Now, we will prove that the function φt : x 7−→ Ek(−t2, x2) is Dunkl positive definite
on R, for all t > 0. In fact from the formula (10) and theorem 3, we have
τxφt(y) =
∫
R
∫
R
Wkφt(η − ξ)dµx(η)dµy(ξ)
=
∫
R
∫
R
Wk (Vk(ft)) (η − ξ)dµx(η)dµy(ξ)
=
∫
R
∫
R
ft(η − ξ)dµx(η)dµy(ξ)
=
∫
R
∫
Rd
∫
R
e−i<tη,z>ei<tξ,z>dµx(η)dµy(ξ)dµ(z)
=
∫
R
[∫
Rd
e−i<tη,z>dµx(η)
] [∫
R
ei<tξ,z>dµy(ξ)
]
dµ(z)
=
∫
R
Ek (−itx, z)Ek(ity, z)dµ(z)
=
∫
R
∫
R
Ek(itx, z)Ek(ity, z)dµ(z),
which implies that for every finite distinct real numbers x1, x2, ..., xn and every com-
plex numbers α1, α2, ..., αn not all zero, we get
n∑
j=1
n∑
k=1
αjαkτxjφt(xk) =
∫
R
∣∣∣∣∣
n∑
j=1
αjEk(itxj , z)
∣∣∣∣∣
2
dµ(z) ≥ 0.
Hence, the function x 7−→ φt(x) is Dunkl positive definite on R, for all t > 0.
Next, we define the function
Φ(x) =
∫ ∞
0
Ek(−x2, t2)dµ(t).
Since the function Φ ∈ Ak(R), we have for every finite distinct real numbers x1, x2, ..., xn
and every complex numbers α1, α2, ..., αn not all zero
n∑
j=1
n∑
l=1
αjαlτxjΦ(xl) =
n∑
j=1
n∑
l=1
αjαl
∫
R
Ek(−ixj , ξ)Ek(ixl, ξ)DkΦ(ξ)h2k(ξ)dξ
= ck
n∑
j=1
n∑
l=1
αjαl
∫
R
Ek(−ixj , ξ)Ek(ixl, ξ)
[∫
R
Ek(−is, ξ)Φ(s)h2k(s)ds
]
h2k(ξ)dξ
=
∫ ∞
0
n∑
j=1
n∑
l=1
αjαl
∫
R
Ek(−ixj , ξ)Ek(ixl, ξ)
[
ck
∫
R
Ek(−is, ξ)φt(s)h2k(s)ds
]
×h2k(ξ)dξdµ(t)
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=
∫ ∞
0
n∑
j=1
n∑
l=1
αjαl
∫
R
Ek(−ixj , ξ)Ek(ixl, ξ)Dk(φt)(ξ)h2k(ξ)dξdµ(t)
=
∫ ∞
0
n∑
j=1
n∑
l=1
αjαlτxjφt(xl)dµ(t) ≥ 0.
The last inequality holds because the function φt(x) = Ek(−t2, x2) is Dunkl positive
definite and the measure µ is nonnegative. Thus the function Φ is Dunkl positive
definite. Since
ϕ(x2) =
∫ ∞
0
Ek(−t2, x2)dµ(t) =
∫ ∞
0
Ek(−t, x2)dµ(
√
t) =
∫ ∞
0
Ek(−t, x2)dν(t) = Φ(x),
we conclude. 
Lemma 1. Let ϕ ∈ Ak(Rd) be a radial function. If ϕ is Dunkl positive definite
function then Dkϕ is even.
Proof. For ϕ ∈ Ak(Rd), we have
Dkϕ(x) = ck
∫
Rd
Ek(−ix, y)ϕ(y)h2k(y)dy.
Thus
Dkϕ(−x) = ck
∫
Rd
Ek(ix, y)ϕ(y)h
2
k(y)dy
=
∫
Rd
Ek(−ix, y)ϕ(y)h2k(y)dy
= Dkϕ(x).
Finally, corollary 1 in [7] completes the proof. 
Lemma 2. Let ϕ ∈ Ak(R). If ϕ is Dunkl positive definite then the function Wkϕ is
strictly positive definite on R.
Proof. For ϕ ∈ Ak(R), by theorem 3, we have
(14) Wkϕ(x) =
∫
R
eixyDkϕ(y)h
2
k(y)dy.
Since ϕ is Dunkl positive definite function on R, we obtain that the function Dkϕ is
nonnegative. Thus, for every finite distinct real numbers x1, ..., xn and every complex
numbers α1, ..., αn not all zero, we have
n∑
j=1
n∑
l=1
αjαlWkϕ(xj − xl) =
∫
R
∣∣∣∣
n∑
j=1
αje
ixjy
∣∣∣∣
2
Dkϕ(y)h
2
k(y)dy ≥ 0,
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which implies that the functionWkϕ is positive definite on R. Now, suppose that the
function Wkϕ is not strictly positive definite, then there exist distinct reals points
x1, x2, ..., xn and complex numbers α1, α2, ..., αn not all zero such that
n∑
j=1
n∑
k=1
αjαkWkϕ(xj − xk) = 0.
Thus ∫
R
∣∣∣∣∣
n∑
j=1
αje
ixjt
∣∣∣∣∣
2
Dkϕ(t)h
2
k(t)dt = 0.
Since ϕ is Dunkl positive definite and belongs to Ak(R), we have Dkϕ is nonnegative
continuous function. Then ∣∣∣∣∣
n∑
j=1
αje
i<xj ,t>
∣∣∣∣∣Dkϕ(t) = 0.
Moreover, since Dkϕ is nonidentically zero, then there exist an open subset U ⊂ R
such that
Dkϕ(t) 6= 0, ∀t ∈ U.
Thus
n∑
j=1
αje
ixjt = 0, ∀t ∈ U.
From lemma 6.7 in [20 p.72], we get
αj = 0, ∀j ∈ {1, ..., n}.
Then, we deduce that the function Wkϕ is strictly positive definite function. 
Theorem 7. Let ϕ ∈ Ak(R) be a real function and Dunkl positive definite. For
k > 0, we consider the function ϕk(x) = Dkϕ(x)|x|2k+1.
If ϕk is convex and verifie lim
|x|−→∞
ϕk(x) = 0, then
(1) Wkϕ is even and nonnegative.
(2) The function ϕ(
√|x|) is Dunkl completely monotonic on R.
Proof. From lemma 1, we conclude that the function Wkϕ is even and we have
Wkϕ(x) =
∫ ∞
0
cos(xy)Dkϕ(y)|y|2k+1dy.
Since the function ϕk(y) = Dkϕ(y)|y|2k+1 is convex downwards on [0,∞[ and
lim
|x|−→∞
ϕk(x) = 0, we deduce by lemma 1 in [22], that the function Wkϕ is nonnega-
tive.
By lemma 2, the function Wkϕ is strictly positive definite on R, nonnegative and
radial. From theorem 7.14 in [20], we conclude that the function x 7−→Wkϕ
(√
|x|
)
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is completely monotonic on R. Proposition 4 completes the proof. 
6. Applications
Theorem 8. Let p > 0 and k > −1. Put
ϕk,p(x) =
Γ(k + 1
2
)e
x2
4p
2pk+
1
2
+
Γ(k + 1)x
2(2k + 1)pk+1
×1 F1
(
k + 1; k +
3
2
;
x2
4p
)
,
where 1F1 is the Kummer confluent hypergeometric function. Then ϕk,p is Dunkl
completely monotonic on R.
Proof. Let dµ(t) = e−pt
2
t2k+1dt where p > 0, we obtain for all σ > 0∫ ∞
0
eσtdµ(t) =
∫ ∞
0
et(σ−pt)t2k+1dt < +∞,
which implies that the measure µ ∈ M∞(R). From the Sonine formula [19, p.394],
we have ∫ ∞
0
Jk(xt)e
−pt2tk+1dt =
xke
−x2
4p
(2p)k+1
,
where x, p, k complex numbers such that Re(p) > 0, Re(k) > −1 and Jk stands for
the Bessel function of the first kind. We change in the above Sonine formula x by
ix, we get :
(15)
∫ ∞
0
jk− 1
2
(ixt)e−pt
2
tk+
1
2dt =
Γ(k + 1
2
)e
x2
4p
2pk+
1
2
= Ik,p(x).
On the other hand, using (4), we have∫ ∞
0
Ek(−x, t)dµ(t) =
∫ ∞
0
(
jk− 1
2
(ixt) +
x
2k + 1
tjk+ 1
2
(ixt)
)
dµ(t) = Ik,p(x) + Jk,p(x),
where
Jk,p(x) =
x
2k + 1
∫ ∞
0
jk+ 1
2
(ixt)dµ(t) =
x
2k + 1
∫ ∞
0
jk+ 1
2
(ixt)e−pt
2
t2k+1dt.
Now, we calcul the function Jk,p. From the integral representation∫ ∞
0
tm+1Jk(xt)e
−pt2dt =
xkΓ(1 + m
2
+ k
2
)
2k+1(
√
p)k+m+2Γ(k + 1)
×1 F1
(
1 +
m
2
+
k
2
: k + 1;
−x2
4p
)
.
We have∫ ∞
0
tk+m+1jk(ixt)e
−pt2dt =
Γ(1 + m
2
+ k
2
)
2(
√
p)k+m+2
×1 F1
(
1 +
m
2
+
k
2
; k + 1;
x2
4p
)
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Let m = k − 1, we obtain :∫ ∞
0
t2kjk(ixt)e
−pt2dt =
Γ(k + 1
2
)
2(
√
p)2k+1
×1 F1
(
k +
1
2
; k + 1;
x2
4p
)
.
Hence
Jk,p(x) =
Γ(k + 1)x
2(2k + 1)pk+1
×1 F1
(
k + 1; k +
3
2
;
x2
4p
)
.
Finally, by Proposition 3 we conclude that the function ϕk,p is Dunkl completely
monotonoic on R. 
Remark 2. For p > 0, the function
φp(x) =
√
pi
p
e
x2
4p +
x
p
1F1
(
1;
3
2
;
x2
4p
)
is completely monotonic on R. In particular, for p = 1
4
, the function
φ0(x) = 2
√
piex
2
(
1 +
γ(1
2
, x2)√
pi
)
= 2
√
piex
2
(1 + erf(x)) .
where γ(a, z) and erf(z) are respectively the incomplete gamma and error functions,
is completely monotonic on R.
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